We present a major upgrade of the micrOMEGAs dark matter code to compute the abundance of feebly interacting dark matter candidates through the freeze-in mechanism in generic extensions of the Standard Model of particle physics. We develop the necessary formalism in order to solve the freeze-in Boltzmann equations while making as few simplifying assumptions as possible concerning the phase-space distributions of the particles involved in the dark matter production process. We further show that this formalism allows us to treat different freeze-in scenarios and discuss the way it is implemented in the code. We find that, depending on the New Physics scenario under consideration, the effect of a proper treatment of statistics on the predicted dark matter abundance can range from a few percent up to a factor of two, or more. We moreover illustrate the underlying physics, as well as the various novel functionalities of micrOMEGAs, by presenting several example results obtained for different dark matter models. †
Introduction
In the last decades, dark matter (DM) studies have mainly focused on frozen-out weakly interacting massive particles (WIMPs). This tendency has, in part, been motivated by theoretical arguments: on one hand, thermal freeze-out is a phenomenon that is known to occur for several other particle species in the early Universe. On the other hand WIMPs, i.e. particles with masses and interaction strengths lying within a few orders of magnitude around the electroweak scale, are ubiquitous in numerous well-motivated New Physics scenarios and in particular in models trying to address the hierarchy problem. The fact that WIMP freeze-out naturally leads to the dark matter abundance inferred in particular from the Cosmic Microwave Background [1, 2] has, thus, corroborated them as plausible dark matter candidates. The interest in WIMPs is, nonetheless, not only due to theoretical prejudice. WIMP freeze-out is typically driven by non-negligible interactions between the visible and the "dark" sector. The same interactions could also mediate DM production at high-energy colliders, scattering of DM off ordinary matter and, eventually, DM annihilation in the galaxy and beyond. Furthermore, in numerous WIMP constructions DM is only the lightest stable state of an entire family of particles that can interact with the standard model (SM) with comparable strengths. These features imply that WIMP scenarios can give rise to observable signals. The WIMP freeze-out picture, hence, motivated an impressive experimental search programme worldwide in order to constrain and, eventually, unravel such non-gravitational properties of dark matter, for reviews see e.g. [3, 4] .
However, the stringent bounds that have been placed on WIMP dark matter candidates from direct detection [5] [6] [7] [8] , indirect detection [9] [10] [11] and collider searches [12, 13] have revived the interest in candidates with much different interaction strengths. In particular, a dark matter particle that is feebly coupled with the standard model, that is typically with a coupling strength O(10 −10 − 10 −12 ), easily escapes the bounds from standard WIMP searches, yet can reproduce the precisely measured value for the DM density [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] . This can be achieved through the so-called "freeze-in" mechanism, where the feebly interacting massive particle (FIMP) cannot reach thermal equilibrium in the early universe and is produced either from the scattering or from the decay of particles in the thermal bath [32, 33] . Contrary to the case of freeze-out, where the predicted DM relic density is inversely proportional to its thermally averaged self-annihilation cross-section, in freeze-in the two quantities scale proportionally. In many models the dominant contribution occurs at a temperature of the order of the DM mass or the mediator mass, therefore there is little dependence on the temperature at which DM production first starts as long as the latter is much higher than the other scales in the model. However, in some cases the production mechanism can be sensitive to high temperatures, e.g. in scenarios involving non-renormalisable operators [23, [34] [35] [36] or even in renormalisable models in which the DM production cross section is constant at high energies [37] .
The computation of the most precisely measured DM observable, its density in the Universe, is well-established for WIMPs. It can be challenging in models with a large number of new particles, e.g. in supersymmetry. For this reason a number of numerical codes have been developed including micrOMEGAs [38] [39] [40] , DarkSUSY [41] , SuperIsoRelic [42] and MadDM [43] . The corresponding Boltzmann equations for FIMPs are also known and have been solved in several models, for a review see also [44] . However, to this date there exists no public computational tool to perform this task. This is the gap we intend to fill here.
Although, as will become apparent in the following (cf also [33, 44] ), the general thermodynamics governing DM genesis is shared amongst different freeze-in scenarios, in practice it is useful to distinguish between several possibilities depending on the nature, the mass and the interaction strength of the degrees of freedom involved in the mechanism. First, some states may only couple to pairs of DM particles whereas others may share some quantum numbers with dark matter. Following the classification we have introduced in previous versions of micrOMEGAs we will implicitly assume that all particles are either "even" or "odd" with respect to some discrete symmetry. Odd particles, including the DM relic, form the Dark Sector (DS). Even particles, including the SM degrees of freedom, with direct couplings to both SM particles and DS pairs will be referred to as "mediators"
1 . Secondly, depending on the strength of their interactions, mediators may or may not be in thermal equilibrium with the SM. The same statement applies to the DS particles. This leads us to further divide particles into two more classes: class F contains feebly interacting particles and class B (the bath) contains all particles that are in thermal equilibrium with the SM. Then, in a freeze-in scenario, the DM particle is the lightest "odd" state that belongs to F. One of the simplest cases is the one in which the (even) mediator is in thermal equilibrium with the SM and can decay, with a small branching ratio, into a pair of DM particles. When the mediator is too light to decay into DM, the main relevant process is instead the 2 → 2 annihilation of SM particles into DM. This process also dominates when the mediator is more weakly coupled to the SM than to DM. Another well-studied case is the one in which the DM is feebly coupled to some other odd particle, the next-to-lightest dark sector particle (NLDSP), with the latter being a WIMP (in B), for example the gravitino, sneutrino or axino in supersymmetric models with a neutralino next-no-lightest supersymmetric particle [33] . In this case the DM abundance is simply related to the NLDSP one, which can be calculated according to standard thermal freeze-out. Other cases include the potential freeze-in of the NLDSP [45] or the mediator themselves, a scenario which necessitates the simultaneous resolution of two coupled Boltzmann equations.
In this paper, we present a major extension of the micrOMEGAs dark matter code through which the user can, henceforth, consistently compute the freeze-in abundance of FIMP dark matter candidates. Starting from a very small initial number density, FIMPs are created during the thermal evolution of the universe from bath particle interactionseither through scattering processes or from the decay of a mediator or dark sector particle which may or may not be in thermal equilibrium with the SM. Within assumptions and limitations that will be discussed in detail in the following sections, the code works equally well for simple as well as more complicated New Physics scenarios, potentially containing multiple mediators and/or dark sector particles, as long as the DM is a FIMP. It can also compute the freeze-in abundance of a FIMP that subsequently decays into WIMP DM.
Besides providing a numerical code that can work with many extensions of the Standard Model, a novel aspect of the DM abundance calculations presented here is that we include a proper treatment of the phase-space distribution of bath particles rather than just assume a Maxwell-Boltzmann distribution as is usually done in the literature. Indeed, since DM production can start at high temperatures, the Fermi-Dirac or Bose-Einstein nature of the corresponding distributions has to be taken into account. We find that the inclusion of these effects can lead to a factor two variation in the predicted value of the relic density, especially when it comes to annihilation processes initiated by bosons. We exemplify the results obtained through micrOMEGAs by computing the FIMP freeze-in abundance within a few simple models: a model with a Z mediator and a Dirac fermion DM, the minimal singlet scalar DM model and a model containing an additional dark sector particle and which has interesting phenomenological implications for long-lived particle searches at the LHC and beyond.
This new version of micrOMEGAs includes new functionalities for the computation of the relic density of DM through freeze-in while keeping all the previous features for DM freezeout, specifically
• New functions to compute the relic density of FIMPs. The user must explicitly specify which particles are to be considered as FIMPs. The reheating temperature, that is the temperature at which dark matter formation starts, must also be specified by the user. The code currently supports freeze-in computations for up to two dark matter candidates.
• A proper treatment of the phase-space distribution functions for bosons and fermions when computing the dark matter number density.
• The possiblity to specify each process to be included in the computation of freezein cross sections in order to examine the contribution of each channel to the DM production.
• The possibility to compute the relic density of the lightest dark sector particle (LDSP) or the NLDSP via freeze-out.
• Three new sample models in which DM production proceeds through freeze-in that can be used as examples for the incorporation of other New Physics scenarios.
Note also that within a model, the user can call routines to compute the relic density via freeze-in or routines that rely on the freeze-out picture. Unless some particles are explicitly declared as being feebly interacting, all freeze-out routines will work exactly like in previous releases of micrOMEGAs. Specific signatures of FIMPs, through direct detection [46] , indirect detection [47, 48] and collider searches [49] [50] [51] [52] will not be discussed here and are a topic of future work. The paper is organised as follows. In Section 2 we present the equations governing the computation of the relic density of FIMPs and the way they are solved within micrOMEGAs. In Section 3 we describe the micrOMEGAs' functions relevant for freeze-in and their utilisation. In Section 4 we study a few sample models which are provided with the code as examples, and present some numerical results. Installation instructions as well as a sample output are given in Section 5. Finally, section 6 contains our conclusions. Some more technical aspects concerning the treatment of t-channel propagators are presented in the Appendix.
Relic density of FIMPs
When the coupling of DM to the SM sector is very weak, the two never reach thermal equilibrium in the early Universe. Assuming that the initial number density of DM is very small it can, then, be produced from the decay or annihilation of other particles, typically until the number density of the latter becomes small due to Boltzmann suppression 2 . Moreover, given the smallness of the DM couplings and number density, its annihilations into bath particles can be ignored. The DM abundance then freezes-in to a constant value which can meet the one inferred by CMB measurements.
Notations and useful formulas
Before presenting the equations governing freeze-in production of dark matter and our approach towards their resolution, let us begin by swiftly introducing some notations and remind the reader some useful formulas.
Assume a particle species i in the early Universe, obeying a phase space distribution function f i . The number and energy density of the i particles is given by
respectively, where g i is the number of internal degrees of freedom of the species, p is the 3−momentum and E i is the energy. Particles in kinetic equilibrium with a thermal bath follow the usual Fermi-Dirac/Bose-Einstein distributions which, in the absence of any anisotropies, take the usual form
where µ i is the chemical potential. In the second step we have introduced the useful parameter η i ≡ η s e µ i /T , where η s = 1 for bosons, η s = −1 for fermions and η ≈ 0 for FIMPs.
For T 100 eV, i.e. in the radiation dominated Universe, the energy and entropy density can be written as a function of the corresponding effective number of degrees of freedom g eff and h eff as
The Hubble expansion rate is defined as
where
GeV is the Planck mass. For a rough estimate H(T ) ≈ 10 −18 (T /GeV) 2 GeV. Finally, entropy conservation (which amounts to ds/dt = −3Hs) allows us to relate time and temperature through
with the function H(T ) given by
General freeze-in Boltzmann equation
The time/temperature evolution of the number density of a particle species χ in the early Universe can be described by a Boltzmann equation which, for a Friedmann-Lemaître-Robertson-Walker Universe, reads in full generalitẏ
where A and B denote generic initial and final states containing ξ A,B particles of type χ respectively and N (A → B) is the integrated collision term corresponding to the reaction A → B, i.e. the number of A → B reactions taking place in the thermal bath per unit space-time volume. The integrated collision term for a process describing a set of particles A going to a set of particles B can, in turn, be written as
where C A is a combinatorial factor which, focusing on 2 → 2 reactions, equals 1/2 in case of identical incoming particles and 1 otherwise, P i are the 4-momenta of the particles involved in the reaction, f i are their distribution functions and |M| 2 is the squared transition matrix element summed over initial and final polarisations.
In passing, let us point out that for final state particles, we can also rewrite
where E + = j E j . Then, because of energy conservation, Eq. (9) is symmetric with respect to the interchange A ↔ B except for a global factor e − j µ j /T , therefore,
These relations will be useful in the following.
The basic premises of the freeze-in scenario are that dark matter particles, hereafter denoted by χ, are characterised by very small ("feeble") couplings with the visible sector and by a negligible initial abundance, f χ 1. These two assumptions allow us to set ξ A = 0 in Eq. (8), i.e. only consider DM production processes 3 . For general values of the DM coupling strength to other particles in the spectrum, this assumption might or might not be valid. Assuming that DM is exactly stable, it constitutes a good approximation as long as
where σv is the thermally averaged DM annihilation cross-section times velocity. In micrOMEGAs we do not check whether this condition holds or not. Using the time/temperature relation (6), the final dark matter yield (i.e. its comoving number density) Y χ ≡ n χ /s can be obtained after integrating the collision term from the temperature at which DM production starts, which we will hereafter refer to as the reheating temperature T R , to the present temperature T 0
where X stands for any bath particle and χ for any dark sector FIMP, which we assume to (eventually) decay into a DM particle along with a visible sector one. We stress that the abundance will depend on the value of the reheating temperature when this temperature is of the same order as the mediator or DM mass, or when the collision term is dominated by high temperatures. Note that in a given model there can also be channels that lead to the production of 3 or 4 DM particles, for example via the production of a pair of mediators that decay into DM. Such possibilities are not taken into account in the present version of micrOMEGAs. The dark matter relic density is obtained using Eq. (13)
where the entropy density today is s 0 = 2.8912 × 10 9 m −3 , m χ is the dark matter mass and the critical density is ρ c = 10.537 h 2 GeV m −3 . It is related to the Hubble constant today, H 0 = h 100 km s −1 Mpc −1 with h = 0.678 (9) .
As already alluded to in the introduction, we will distinguish amongst three situations which can appear in freeze-in scenarios:
1. dark matter production through 1 → 2 decays of a mediator (an even particle decaying into a DM pair) or dark sector particle (an odd particle decaying into a DM and an even particle) in thermal equilibrium with the thermal bath, 2. dark matter production through 1 → 2 decays of particles that are not in thermal equilibrium with the thermal bath (taking special care of the possibility of late decays) and 3. dark matter production through 2 → 2 annihilations of a pair of bath particles.
Here the final state can consist of either two DM particles or a DM and a bath particle.
In everything that follows we always assume that the lightest particle of the odd sector is feebly interacting (FIMP).
1 → 2 (2 → 1) processes
Consider the case in which one or two DM particles are produced from the decay of a heavy particle Y , through a process of the type Y → a, b, corresponding to scenarios 1 and 2 in the listing above. Following the terminology presented in the previous paragraph, Y can be a SM particle, a new particle acting as a mediator that decays into two odd FIMPs (a = χ, b = χ ) or a dark sector particle that decays into one DM and one bath particle (a = χ, b = bath). The formalism that we present here covers both possibilities. The integrated collision term (9) in this case obtains the form
Mathematical detour
Before proceeding with the evaluation of the collision term, Eq. (15), let us briefly digress in order to introduce a function that we will use heavily throughout the following. First, note that if we replace the distribution function
which corresponds to one particle per unit volume, we can promptly perform the d 3 p Y integration to obtain the quantity
In the limit f a,b 1, this expression corresponds to the usual (in-vacuum) decay rate G Y →a,b of Y into a and b in a reference frame in which Y has an energy (3-momentum) E Y (p Y ) with respect to its rest frame (YRF). Then, including the factors from statistical quantum mechanics ( (16) can be interpreted as the decay rate of Y into a and b in the presence of the medium created by particles of this type.
In this integral, the distribution functions f a,b are known in the comoving frame (CF). However, we know that the phase-space element is Lorentz-invariant. Then, we can write the latter in terms of YRF quantities while keeping the distribution functions in the CF, but rewriting all the relevant kinematic quantities in terms of their YRF counterparts, namely
where E a/b , E Y and p Y are given in the CF while c θ is the cosine of the angle between the momentum of particle a and the Lorentz boost from the YRF to the CF. Integration with the 3-momentum part of the δ-function imposes p
, where λ is the standard Källén function. Besides, the squared matrix element does not depend on the integration variables, it is just a number that can be directly rewritten as a function of the usual decay width,
. Then, we can use the energy part of the delta function to obtain the expression
This integral can also be evaluated analytically, yielding the final expression for the decay rate of a particle Y of momentum p Y in the comoving frame into two particles a and b, in the presence of the medium created by the latter
For future use, we also isolate the part of Eq. (19) that contains all the statistical mechanical information by defining the function S through
Back to the collision term
Let us now turn back to the integrated collision term for the Y → a, b process. We can observe that Eq. (15) is similar to the one we just calculated, apart from the inclusion of an f Y factor in the integrand. It can be recast under the form
Integration over the angular variables yields a factor 4π and allows us to obtain the final expression for the integrated collision term (15)
where we have defined the functioñ
We are then left with a single integral to be evaluated numerically. Note that in the special case where η i = 0, the function S in Eq. (20) is equal to unity andK 1 reduces to the usual Bessel function of the second kind of degree one,
In the special case of a mediator decaying into a pair of DM particles, Y → χχ, we obtain
Finally, by exploiting Eq. (11), we can also promptly obtain an expression for the collision term governing production of Y from a, b annihilations, namely
We can now proceed to the computation of the DM abundance. We will distinguish two cases, depending on whether the mediator is in thermal equilibrium with the SM or not.
The case of a mediator in thermal equilibrium with the SM bath
Consider, first, the case where the couplings of the mediator Y to to B-type particle pairs are large enough for it to be in equilibrium with the SM thermal bath, whereas its couplings (and, thus, the corresponding partial widths) involving DM particles are much smaller. Then, according to Eqs. (13) and (22), since η Y = ±1 we can write:
+2Γ Y →χχ
Although in micrOMEGAs the yield is obtained by evaluating Eq. (26), it is instructive to also present an approximate expression for the -often occuring -scenario of a mediator decaying into a pair of DM particles. In this case, the last expression can be recast as
The term in square brackets, which we will denote as P(x Y , η Y ), has a mild dependence on the temperature T , while the quantity
with a width σ ≈ 1.7. Then, for large enough T R we can approximate the DM production yield as:
Performing the integration we get (for a bosonic mediator)
This approximate result, a similar form of which was also obtained in [33] , works with a precision of ≈ 1% for mediator masses m Y > 3 GeV. Moreover, when T R > 2m Y the dependence on the reheating temperature is below the 1% level.
Finally, since throughout our analysis we consistently use the full Bose-Einstein/FermiDirac distribution functions for initial and final state bath particles, we can also quantify the accuracy of the commonly adopted Maxwell-Boltzmann approximation. Neglecting the dark matter distribution function, statistics enter either through the mediator or through the final state particle that is produced in association with DM. At the level of the former, we find that if the mediator is a boson, using a Bose-Einstein distribution instead of a Maxwell-Boltzmann one leads to a 3.5% increase in the DM abundance, see for example Fig. 1 -top panel. This figure also illustrates that the dominant contribution occurs near m Y /3. For a fermion mediator, the use of Fermi-Dirac statistics leads instead to a 2.5% decrease in the DM abundance. Moreover, in this case the final state necessarily involves two different particles. If one of them is a SM fermion, then the statistics factor can be much larger especially when there is a small mass splitting between the mediator and the DM particle, as will be seen in section 4.3. , where the Z has a large width dominated by decays into SM particles (top), large width dominated by decays into DM pairs (middle) and very small width dominated by the decays into SM particles (bottom). In this figure we have taken m Z = 10 4 GeV and considered only the process u,ū → χχ.
The case of a mediator not in chemical equilibrium with the SM bath
For sufficiently suppressed couplings between the mediator and the bath particles, the two sectors will never reach chemical equilibrium. A Boltzmann equation for the mediator should, hence, be considered together with the one corresponding to DM. In this regime the decay width of the mediator is so small that it decays at a temperature T m Y and, so, whether or not kinetic equilibrium between the mediator and the bath particles is attained is fairly irrelevant for the ensuing DM abundance. In order to justify this statement, below we present the evolution of the mediator's abundance in two opposite regimes: 1) assuming that it is in kinetic equilibrium with the bath, which means that its temperature coincides with the SM one, and 2) assuming that it is kinetically decoupled from the SM bath. The DM abundance value obtained through the two methods coincides at the percent level.
Mediator in kinetic equilibrium with the SM bath
Neglecting mediator production from FIMP annihilations, its evolution is described by the Boltzmann equation:ṅ
We can, instead, trade the number density n Y for the abundance Y Y and, using Eqs. (24) and (25), write
where η i = 0 for FIMPs and = ±1 for bath particles. The mediator's yield Y Y and parameter η Y are related through Eqs. (1) and (2) as
which reduces to the Bessel function of second order and degree two, when MaxwellBoltzmann statistics (corresponding to η = 0) is assumed, i.e.K 2 (x, 0) = K 2 (x). The evolution equation for the mediator, Eq. (31), can be rewritten in a more intuitive way by defining an average width Γ 
Note that the normalisationK 1 (x, 0, 0, η, 0, 0) −1 in Eqs. (34) and (35) is simply conventional.
Using these definitions, we can indeed rewrite Eq. (31) as
whereȲ
Some comments are in order at this point:
• The production term (second term) in Eq. (36) is mathematically equal to the sum of all the 2→1 processes where two bath particles create one mediator if they were in equilibrium. Of course the mediator (by assumption in this section) is not in equilibrium: this is just a mathematical trick to render the computations easier.
• The expression (36) Finally, once we know the mediator yield Y Y from equations (36) and (32), the DM abundance can be directly computed using
which can be simply rewritten as
So far we have assumed that the mediator has the same temperature T as the bath. This assumption is not necessarily justified, since we are analysing the situation where the mediator is not in chemical equilibrium with the SM. In order to check how this assumption affects the estimated dark matter abundance, we now study the evolution of the mediator in the opposite regime of complete kinetic decoupling.
Kinetically decoupled mediator
Our starting point in order to track the evolution of the mediator phase-space distribution
, is the un-integrated form of the Boltzmann equation. For fixed mediator energy E Y , the latter reads [53] :
where the kinetic decoupling assumption is reflected by the fact that we have ignored terms amounting to energy redistribution. The depletion (second) term is very similar to the expression G Y →a,b that we computed in Section 2. 
To solve this partial differential equation we use the method of characteristics. We first reduce it to a set of coupled ordinary differential equations by introducing the new variables
where p(π, T ) represents the momentum of a particle at a temperature T , which is reduced to π at a temperature T 0 due to the expansion of the Universe. Then, Eq. (40) amounts to an evolution equation for φ which does not contain any partial derivatives, once we switch from a time to a temperature derivative using Eq. (6). Namely, we obtain
We also introduce the DM distribution function φ χ (π, T ) which represents the number of DM particles produced from the decay of a mediator with momentum p(π, T ). Its evolution equation reads in turn
After integrating Eqs. (44) and (45) over T ∈ [T 0 , T R ], the number density of DM particles at temperature T 0 can be calculated from
In practice, in the code we choose a grid for π, solve the two coupled differential equations (44) and (45) for each element of the grid, interpolate the result and calculate the integral Eq. (46) . We have checked that the result coincides at the percent level with the one obtained assuming the mediator is in kinetic equilibrium with the SM bath. For both methods we have also checked explicitly the impact of the statistics factor both for the case where a bosonic mediator decays predominantly into DM particles and into SM ones. For a mediator coupling mostly to fermions we find that the Fermi-Dirac statistics leads to a decrease of about 25% in the final DM abundance regardless of whether the mediator decays rapidly into DM (see Fig. 1 middle panel) , or its decay is delayed (top panel). If, on the other hand, the mediator couples mostly to bosons the statistics factor leads to an increase in the DM abundance by a factor of up to 80%. Explicit examples for this scenario will be presented in Section 4.
2 → 2 processes
Having presented our approach for DM production through mediator decays, we next consider 1, 2 → a, b processes where 1, 2 are bath particles and either or both of a and b are FIMPs. In this case the integrated collision term reads:
If both a and b are FIMPs, we can approximate (1 ∓ f a )(1 ∓ f b ) 1 and this expression is very similar to the one obtained in the case of standard thermal freeze-out, cf e.g. [54] . It can be manipulated in a similar manner and rewritten in terms of theK 1 function defined in Eq. (23) as
In the case where the 2 → 2 reaction amounts to the production of a single feebly coupled particle along with a bath particle a ≡ X, the situation becomes more involved. In this case one has to actually perform the full 12-dimensional integration of Eq. (47), after replacing f b → 0. Given that performing multiple integrations is computer-time consuming, in micrOMEGAs we instead use an empirical approximation that entails introducing a correction factor in the integrand of Eq. (48) as
where the denominator is simply K 1 ( √ s/T ). We have compared this approximation to the full numerical calculation of Eq. (47) for the model discussed in section 4.3 and have found that this simple correction factor reproduces the exact result with a precision of 2%. Here we assume that the X particle thermalises rapidly.
The special case of an s-channel resonance
When summing over all DM production channels (cf Section 3.2), micrOMEGAs will compute the abundance by adding the yield from all 2 → 2 processes for any point in parameter space. When DM production is dominated by the decay of the mediator, we have to ensure that the result from each 2 → 2 process matches the one obtained from mediator decays. To this end we modify, for each temperature, the total width of the mediator appearing in the relevant cross sections 5 . In the narrow-width approximation (NWA), the Breit-Wigner cross section for DM pair-production via the process 1, 2 → Y → χχ in the presence of a SM bath reads:
where we have used the expressions for the partial widths to parametrize the dependence on the couplings, thus it is the partial width in vacuum Γ Y →1,2 that appears in the numerator. Substituting this expression in Eq. (48) allows us to write:
For this equation to match the one used for the decay of the mediator, Eq. (24), the total width of the latter is corrected by two temperature-dependent factors. The first one simply takes into account the chemical potential of the mediator
The second factor is required to replace the branching ratio BR Y →χχ = Γ Y →χχ /Γ tot in Eq. (51) by the corresponding one in the thermal bath. Note that we cannot simply correct Eq. (48) by an overall factor, since doing so would also modify the off-resonance contribution. For this reason, we rescale the total width for each temperature. If the mediator's decay width is small, its decay is not instantaneous but rather happens at a temperature T d smaller than its production temperature. The dependence on T d lies inside Γ bath tot , so we replace the mediator branching ratio into DM using the following ansatz:
where P is the probability of the mediator created at temperature T c to survive until a temperature T d . An integral representation for P (T d ) can be obtained through Eq. (36) . It reads
where H(T ) was defined in Eq. (7) and γ(T ) in Eq. (35) .
In practice, before the calculation of the contribution of each 2 → 2 reaction to DM production, micrOMEGAs detects all s-channel resonances in the corresponding cross section. Using the formalism presented in Section 2.3.4, and assuming kinetic equilibrium of the mediator with the SM thermal bath, the functions η Y (T ), Γ bath Y →χχ (T ) and Γ bath tot (T ) are tabulated and the effective width that can be extracted from Eq. (53) is computed. Finally, this width is substituted in the matrix element expression of the relevant 2 → 2 reaction.
Functions of micrOMEGAs
Having presented all the necessary formalism for freeze-in dark matter production and the way it is implemented in micrOMEGAs, we now describe some practical aspects of the code and point out some limitations that will be dealt with in future distributions.
Constants and auxiliary functions
All physical constants used in calculations of freeze-out or freeze-in scenarios are defined in the file include/micromegas_aux.h. The ones used explicitly in freeze-in scenarios are listed in ρ c /h 2 or ρ for H = 100 km/s/Mpc Table 1 : Some useful constants included in micrOMEGAs.
• gEff(T) -returns the effective number of degrees of freedom for the energy density of radiation at a bath temperature T (cf Eq. (3)), only SM particles are included.
• hEff(T) -returns the effective number of degrees of freedom for the entropy density of radiation at a bath temperature T (cf Eq. (4)).
• Hubble(T) -returns the Hubble expansion rate at a bath temperature T. This applies to the radiation-dominated era and is valid for T 100 eV.
• hEffLnDiff(T) -returns the derivative of h ef f with respect to the bath temperature,
.
• Stat2(p, x Y , x 1 , x 2 , η 1 , η 2 ), returns the S function defined through Eqs. (19) and (20) , that takes into account particle statistical distributions for the decay of a mediator Y of fixed momentum p.
• K1to2(x 1 , x 2 , x 3 , η 1 , η 2 , η 3 ), returns theK 1 function defined in Eq. (23) , that takes into account particle statistical distributions.
Freeze-in routines
Several routines are provided in micrOMEGAs to compute the DM abundance in freeze-in scenarios. These can be found in the file sources/freezein.c. The first line of this file contains the statement //#define NOSTATISTICS This statement can be uncommented for micrOMEGAs to compute the relic density assuming a Maxwell-Boltzman distribution. This option is faster.
We remind the user that the code does not check whether or not a particle is in thermal equilibrium with the SM thermal bath and that it is the responsibility of the user to specify which particles belong to the bath, B, or are out of equilibrium, F. This can be done through the function • toFeebleList(particle_name) which assigns the particle particle_name to the list of feebly interacting ones (i.e. those which belong to F). Feebly interacting particles can be odd or even. This function can be called several times to include more than one particle. All odd or even particles that are not in this list are assumed to be in thermal equilibrium with the SM and belong to B. The treatment of the particles that belong to F for the computation of Ωh 2 within the freeze-in routines is described below. Calling toFeebleList(NULL) will reassign all particles to B.
The actual computation of the freeze-in dark matter abundance can be performed with the help of three functions:
• darkOmegaFiDecay(TR, Name, KE, plot) calculates the DM abundance from the decay of the particle Name into all odd FP. TR is the reheating temperature and KE is a switch to specify whether the decaying particle is in kinetic equilibrium (KE=1) or not (KE=0) with the SM. If the decaying particle has not been declared as feeble (see above) then Eq. (26) is solved. Otherwise the methods described in Section 2.3.4 are used, specifically Eqs. (32), (37), (22) and (13) when KE=1 and Eqs. (41), (46) when KE=0. Numerically, the latter two methods give very similar results, however the KE=1 option is faster. The switch plot=1 displays on the screen Y (T ) for the decaying particle and dY /d log(T ) for DM.
This routine operates under a set of underlying assumptions and limitations. First, as already discussed in Section 2.2, we assume that all odd FPs will decay into the lightest one, which is the DM. Consequently, if at least one final state contains dark sector FIMPs that decay predominantly into bath particles, darkOmegaFiDecay will overestimate the corresponding DM yield. Simply put, from a DM yield standpoint in micrOMEGAs each dark sector FIMP is equivalent to a dark matter particle. Secondly, if particle Name can decay into a final state involving one or two mediators which can subsequently decay into DM pairs, the contribution of the latter decay is not taken into account. Only 2-body final states are currently supported.
• darkOmegaFi22(TR, Process, vegas, plot, &err) calculates the DM abundance taking into account only DM production via the 2 → 2 process defined by the parameter Process. For example "b,B ->~x1,~x1" for the production of DM (here~x1) via bb scattering. This routine allows the user to extract the contribution of individual processes. TR is the reheating temperature. When the switch vegas=1, the collision term is integrated directly using Eq. (47) . The execution time for this option is quite long, it is intended mostly for precision checks. The switch plot=1 displays on the screen dY /d log(T ) for DM. Note that the temperature profile for DM production obtained by darkOmegaFiDecay and darkOmegaFi22 can be different. For example, in the case of an s-channel resonance, the temperature for DM production corresponds to the one of the mediator decay for darkOmegaFiDecay and the temperature at which the mediator is created for darkOmegaFi22. Finally, err is the returned error code, which has the following meaning 1: the requested processes does not exist 2: 2 → 2 process is expected 3: cannot calculate local parameters / some constrained parameters cannot be calculated 4: the reheating temperature is too small (T R < 1keV) 5: one of the incoming particles belongs to F 6: None of the outgoing particles are odd and feeble 7: The integral over temperature does not converge 8: The integral over energy does not converge 9: The angular integral does not converge 10: There is an on-shell particle in t/u channel 11: Cannot treat the small angle pole contribution. 12: Lost of precision due to diagram cancellation. When substituting NULL for the error code, the error message is displayed on the screen.
• darkOmegaFi(TR, &err) calculates the DM abundance after summing over all 2 → 2 processes involving particles in the bath B in the initial state and at least one odd particle in F in the final state, following the method described in Section 2.4. The routine checks the decay modes of all bath particles and if one of them has no decay modes into two other bath particles, the 2 → 2 processes involving this particle are removed from the summation and instead the contribution to the DM abundance computed from the routine darkOmegaFiDecay is included in the sum. This is done to avoid appearance of poles in the corresponding 2 → 2 cross-section. We recommend for such models to compute individual 2 → 2 processes with darkOmegaFi22 described above. As before, we assume that all odd FIMPs will decay into the lightest one which is the DM. err is the returned error code, err=1 if feeble particles have not been defined.
Note that in the case of models with two distinct dark sectors containing two dark matter candidates, the odd FIMPs of each dark sector are assumed to decay into the lightest particle (the DM) of the same class. The function darkOmegaFi(TR, &err) computes the total DM abundance and the two contributions can be disentangled by calling the function sort2FiDm( &omg1,&omg2).
Finally,
• printChannelsFi(cut,prcnt,filename) writes into the file filename the contribution of different channels to Ωh 2 . The cut parameter specifies the lowest relative contribution to be printed. If prcnt = 0, the contributions are given in percent. The routine darkOmegaFi fills the array omegaFiCh which contains the contribution of different channels (2 → 2 or 1 → 2) to Ωh 2 . omegaFiCh [i] .weight specifies the relative weight of the it-h channel, whereas omegaFiCh[i].prtcl[j] (with j=0,...,4) defines the particle names for the i-th channel. The last record in the array omegaFiCh has zero weight and NULL particle names. Note that if no particle has been declared as being feebly interacting, the freeze-out routines darkOmega, darkOmegaFO, and darkOmega2 [55] will work exactly like in previous versions of micrOMEGAs. A non-empty list of FIMPs, however, will affect these routines since micrOMEGAs will exclude all odd particles in this list from the computation of the relic density via freeze-out. For example, if the DM is a bath particle, excluding FPs can impact the freeze-out computation of Ωh 2 when they are nearly degenerate in mass with the DM, hence could potentially contribute to coannihilation processes. Note also that if, for example, the lightest odd particle (the DM) belongs to F and the user computes the freeze-out abundance of the lightest odd bath particle, the resulting value of Ω LBP h 2 will be automatically rescaled by a factor M LF P /M LBP , where M LBP (M LF P ) is the mass of the lightest odd particle in B (F). Conversely, if the DM belongs to B and the user computes the freeze-in abundance of the lightest feeble odd particle, the corresponding result for Ω LF P h 2 will be rescaled by M LBP /M LF P . In other words, the answer obtained in both of these cases corresponds to the predicted density of the dark matter particles and not the heavier ones. Besides, micrOMEGAs does not check whether the decay rate of an odd particle to the feeble particles is much smaller than H(T F O ) which would justify the fact that they should not be included in the freeze-out computation.
Sample models and numerical results
We now move on to present some numerical results obtained with micrOMEGAs for a few simple dark matter models. These models are included by default in the public distribution of micrOMEGAs5.0 and can serve as guidelines for the implementation of additional New Physics scenarios. Moreover, we will give special emphasis to the impact of the statistical distribution of bath particles, an effect which has only rarely been considered in the literature.
Vector portal
As a first illustrative example, we consider the case of a Z portal (an even particle) with pure-vector couplings to the SM and the (Dirac fermion) DM, the latter being the only odd particle that belongs to F. This is much like in the so-called Simplified Models of dark matter often considered in the literature [56] . The Lagrangian is given by:
where the sum runs over the SM fermions. The model is anomaly-free if the various g f couplings are related through g e = g ν = −3g u = −3g d ≡ −3g q , and we take these couplings to be universal between generations. We further assume that the Higgs doublet is neutral under U (1) . Given these conditions, the model is characterised by two couplings, g χ and g q , and two masses, m Z and m χ . Moreover, SM bosons do not participate in the production of DM, thus, as we will see below, the effect of statistics to the final DM yield is not very important. The diagrams contributing to dark matter production via Z decay or 2 → 2 annihilation are shown in Fig. 2 . The different regimes that could arise in freeze-in production through a portal particle [25] can be classified according to the respective values of the two masses, as well as the assumed value of the reheating temperature T R , as 6 :
• Off-shell regime, with m Z < 2m χ < T R . In this case the DM production always occurs through 2 → 2 annihilations ff → χχ via an off-shell mediator.
• On-shell regime, with 2m χ < m Z < T R . The DM production will be dominated by the resonant production ff → Z → χχ, i.e. it is effectively a decay process.
• EFT regime, with 2m χ < T R < m Z . In this regime, and since the DM production is assumed to start at T = T R (for a few exceptions to this rule cf e.g. [58, 59] ), the Z can be integrated out and the 2 → 2 process effectively shrinks to a point-like interaction.
Simple dimensional arguments together with the behaviour of the 2 → 2 cross section can provide intuition about the period during which the DM production mostly happens. In terms of the DM production yield Y χ , Eqs. (13) and (48) imply Table 2 : Dependence of the ff → χχ cross section (middle column) and yield (right column) on the parameters of the model, where Γ is the total Z decay width. All numerical factors and effective degrees of freedom are not shown. For the on-shell regime, the Narrow Width Approximation is assumed for the sake of illustration.
where we have omitted the g * , g * s terms as well as any numerical prefactor. Substituting in Eq. (56) the s-dependence of the cross section that corresponds to each regime leads to the expressions shown in Table 2 .
The full numerical results are shown in Fig. 3 for a fixed DM mass, m χ = 10 GeV, and reproduce the expected behaviour. The red (blue) lines correspond to the case in which the mediator couples more strongly to the visible (dark) sector, whereas the solid (dashed) lines assume Fermi-Dirac (Maxwell-Boltzmann) statistics for the SM fermions.
Some comments are in order. The general features of Fig. 3 are straigthforward to understand, recalling that the relic abundance of DM scales as Ω χ ∝ m χ Y χ : deep inside the EFT regime we obtain the 1/m 4 Z behaviour expected from Table 2 , whereas the off-shell regime (the right-most part of the figure) features a plateau, since the relic abundance effectively does not depend on the mediator mass 7 . Finally, in the on-shell regime, decreasing the mediator mass (i.e. moving towards the right-hand side of the figure) leads to a decrease of the decay width, and thus an increase in Ω χ until the on-shell production is no longer possible because of kinematical reasons. We have checked that for other values of the DM mass and the reheating temperature these features remain unaltered, as expected. An exact treatment of the statistical distributions of bath particles (difference between solid and dashed lines for each coupling choice) generally leads to a decrease in the relic density of about 4% in the EFT regime and of 25% in other regimes. One exception is found in the on-shell regime for the case where the Z couples mostly to the SM fermions. In this case, the use of Fermi-Dirac distributions rather leads to a mild increase (4%) in the relic density, which is due to the fact that the mediator production suppression characterising Fermi statistics is compensated by a smaller decay width Γ (see Table 2 ). We discuss next other models where bosons participate in the DM production, such that the effect of statistics becomes more important.
Scalar portal
The singlet scalar model is a minimal extension of the SM containing only an additional real singlet scalar field which is odd under a Z 2 symmetry [32] . This field only possesses 
and can be a viable dark matter candidate. The two free parameters of the model can be chosen as the singlet mass, m 2 S = µ 2 s + λ hs v 2 and the coupling λ hs . In this model the mediator is the SM Higgs boson. When S is light enough, m S < m h /2, then in the freeze-in regime (that is for λ hs << 1), DM is mainly produced from the decay of the Higgs. In this case the relic density scales proportionally to the DM mass, Ωh 2 ∝ λ 2 hs m S , as shown in Fig. 4 . Here, effects from statistics are mild (of the order of 3.5% as mentioned in section 2.3.3). When the mediator cannot be produced and decay on-shell, the DM abundance is substantially suppressed. All SM particles contribute to DM production, including W 's, Z's and h's. Thus, we expect a significant difference between the results obtained assuming a Maxwell-Boltzmann or the full Bose -Einstein distribution for the bath particles. Indeed, we find nearly a factor 2 increase in the DM density, as shown in Fig. 4 . Note that for the same value of the coupling, the relic density constraint can be satisfied in two regimes: for light DM (sub-GeV) and for weak scale DM. These results are in good agreement with the ones obtained in previous studies of this model [24] , if a Maxwell-Boltzmann distribution is assumed.
Extended dark sector
As a final example, we study a simple model in which the "dark sector" consists of more than one particle. This model could be of interest for collider searches for long-lived 
where E L,R and e R are the left-and right-handed components of the heavy lepton and the right-handed component of the Standard Model electron respectively and for simplicity we have neglected couplings to the second and third generation leptons. The model is described by five free parameters, namely
out of which λ s is irrelevant for our purposes 9 whereas µ s can be traded for the physical mass of s through µ
where v is the Higgs field vacuum expectation value. For simplicity, we will also take the coupling λ hs to be identically zero, as Higgs portal-like interactions were already studied in section 4.2. These choices leave us with only three free parameters For m s < m E , the scalar s becomes stable and can play the role of a dark matter candidate.
In this scenario, and given our choice of neglecting the Higgs portal interaction, there are two types of processes that contribute to the dark matter abundance, depicted in Fig. 5 . First, s can be produced through the decay of the heavy lepton, E → s + e. Secondly, through annihilation processes involving the t-channel exchange of an ordinary or heavy electron. Note that the heavy lepton is kept in thermal equilibrium with the Standard Model plasma due to its gauge interactions. In order to carry out our numerical analysis, we have implemented the model described by the Lagrangian in Eq. (58) in the FeynRules package [62] in order to generate the necessary CalcHEP [63] model files that can be subsequently used by micrOMEGAs. Our results are shown in Fig. 6 , where we show the predicted DM abundance as a function of the dark scalar -heavy lepton mass splitting, for one particular choice of the heavy lepton mass and its coupling to DM, assuming T R = 10 10 GeV. In the same figure, we moreover illustrate the effect of an exact treatment of the statistical distributions of bath particles (dashed vs solid line for Maxwell-Boltzmann vs FermiDirac/Bose-Einstein statistics respectively). Our numerical analysis reveals that for large values of the mass splitting (i.e. towards the right hand-side of the figure), the dominant contribution to the DM abundance arises from decays of the heavy leptons. As the mass splitting becomes smaller, however, scattering processes take over. The effect of statistics is more pronounced in the regime where decay processes dominate and for moderate values of the mass splitting. As we observe, the use of Fermi-Dirac distributions can lead to a significant decrease in the relic density. Indeed, in this case the energy of the final SM fermion E T ≈ m Y /3, such that the factor that enters Eq. (15) (1 − f ) ∝ (e E/T +|η|) −1 → 1/2 when |η| ≈ 1. Incidentally, for the parameter choices adopted here we see that the observed DM abundance in the Universe can be obtained in the regime where scattering dominates, although a different choice of parameters (in particular, decreasing the coupling y s ) would change this picture. 
Installation and sample output
The code can be downloaded from [64] . After unpacking, the user must go to the micromegas_5.0 directory and type make or gmake
To work with one of the models already included in the distribution, go to the relevant model directory, for example cd SingletDM and compile the main code with make main=main.c
This sample code contains the following lines to compute the relic density via decay or scattering processes, double TR=1E6; toFeebleList("~x1"); omegaFi=darkOmegaFi(TR,&err); printChannelsFi(0,0,stdout);
Running the code with the sample data file ./main data1.par First, in typical freeze-out models, the equilibrium condition erases all memory concerning processes that occur at high temperatures. In freeze-in, conversely, DM production can even be dominated by these temperatures, which implies that its density evolution may have to be tracked back in time up to T R 10 . On a related topic, with the exception of coannihilation and excluding possibilities such as late entropy injection from decays of long-lived particles, standard freeze-out scenarios are relatively insensitive to the behaviour of particles heavier than the DM itself: equilibrium is restored extremely fast in the early Universe and, down to temperatures around m χ /T ∼ 20, dark matter simply traces its equilibrium distribution. This is certainly not the case in the freeze-in scenario, in which one has to keep track of the contribution to DM production of all particles in the spectrum. In particular, it is fairly easy to envisage models in which DM is not the only FIMP in the spectrum, which in turn implies that an additional Boltzmann equation has to be written down for each feebly coupled degree of freedom and solved simultaneously with the DM one. Moreover, while in freeze-out the initial DM abundance is fairly irrelevant for the computation of its present-day abundance, in freeze-in the initial condition has to be supplied by hand, at least from a low-energy standpoint. Last but not least, although in freeze-out the fermionic or bosonic nature of bath particles can be neglected when it comes to their phase-space distributions, in freeze-in it becomes relevant and may substantially alter the predicted dark matter abundance.
In this paper we presented a new version of the micrOMEGAs dark matter code to compute the abundance of general feebly coupled dark matter candidates according to the freeze-in mechanism. We presented the formalism that is necessary in order to treat different "types" of freeze-in depending on the nature of the particles involved in the dark matter production process, and to tackle the complications described above. We recovered several well-known results in the literature, such as the fact that in infrared-dominated freeze-in scenarios dark matter production through decays of a mediator Y peaks around m Y /3, and quantified the extent to which adopting a Maxwell-Boltzmann distribution for the bath particles constitutes a good approximation. The latter was found to not always be the case and can lead to a misprediction of the dark matter abundance by up to a factor 2. Interestingly, we have moreover found that in the case of production through decays of a heavier state which is not in chemical equilibrium with the SM thermal bath, i.e. a particle that freezes-in itself, the predicted DM abundance does not depend crucially on whether or not the heavier particle is in kinetic equilibrium. However, since we cannot make general statements on whether or not this result holds in full generality, in micrOMEGAs we provide two computational methods which can be used to estimate its validity. Finally, we have carefully taken into account the possibility that DM might be produced at a temperature T d through the decay of a resonance which was itself produced at some temperature T c T d , by properly modifying the mediator width entering the 2 → 2 scattering cross-section.
One limitation of the code is that it does not check whether the DM couplings comply with the freeze-in assumption, however the same can be said of all DM public codes that compute the DM abundance according to the freeze-out mechanism: for sufficiently high 10 Arguably, such scenarios are at odds with the original spirit of freeze-in as an IR-dominated mechanism [32, 33] . Indeed, the DM abundance in UV-dominated freeze-in scenarios depends on an additional parameter, the reheating temperature T R . Nevertheless, from a thermodynamical standpoint, the two cases do not present substantial differences. In this spirit, throughout this work we have collectively used the term "freeze-in" for both cases.
temperatures, thermal equilibrium between the dark and visible sectors is always assumed regardless of the input coupling values. The intermediate regime between freeze-in and freeze-out, which is arguably the most complicated one, has rarely been considered in the literature (for notable exceptions cf e.g. [25, 65] ) and involves the resolution of a more general form of the Boltzmann equation(s). It will be the topic of a future upgrade of micrOMEGAs.
Despite the code limitations, we hope it will be a useful tool for theorists and experimentalists alike working on feebly coupled dark matter candidates, especially in light of the recent flourishing activity on long-lived particle searches at the LHC but also on searches for feebly coupled particles in intensity frontier experiments. We further hope that it will facilitate the study of freeze-in scenarios beyond the simplest options that have, for the most, so far been considered in the literature.
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A Treatment of t-channel propagators
For freeze-in DM production, one needs to calculate cross sections at energies which are much larger than the masses of the particles involved in the process. This can lead to numerical instabilities especially for 2 → 2 processes containing a t-channel propagator. For such a process, the differential cross-section has a pole contribution dσ d cos θ 13 ≈ A (1 − cos θ 13 + δ 13 ) l (62) where θ 13 is the angle between incoming and outgoing particles in the center-of-mass frame, while for large values of the Mandelstam variable s 
where m 1 , m 2 (m 3 , m 4 ) are the masses of incoming (outgoing) particles and m t is the propagator mass. Typically l = 1 for fermions and = 2 for bosons. If δ 13 > 10 −10 such a singularity can be successfully integrated using double precision floating point numbers, however for smaller values of δ 13 this is no longer sufficient. To circumvent this difficulty, micrOMEGAs analyses the Feynman diagrams contributing to each process. When t-channel diagrams are found, micrOMEGAs first calculates the cross section in the region cos θ 13 < 1 − 10 −10 . The code then calculates the differential cross section at several points with small scattering angles to find the coefficients A and C in dσ dcosθ 13 = C + A (1 − cos θ 13 + δ 13 ) l .
This approximate formula is then integrated symbolically. This method leads to stable results although it may fail in two cases. First the value of δ 13 used corresponds to the smallest mass running in the t-channel, it is however possible in models with several tchannel diagrams that the leading contribution comes from the propagator with a larger mass. Second, it can happen that a pole has a negligible contribution at cos θ 13 ≈ 1−10
while giving a noticeable contribution to the total cross section. This occurs if l = 2 and δ 13 < 10 −30 . Both these issues will be addressed in a future release of micrOMEGAs.
